Abstract. We prove that the category of differential graded algebras is monoidally equivalent to the category of left graded comodule algebras over a certain graded Hopf algebra. After calculating the graded Hopf-cyclic cohomology of that graded Hopf algebra, we construct cyclic cocycles on any graded differential algebra with a closed graded trace by means of a characteristic homomorphism. (2010). 16W30, 16W50, 19D55. 
Introduction
In [3] , [4] Connes and Moscovici defined a cocyclic module associated with a Hopf algebra with a modular pair in involution. They also constructed a characteristic homomorphism from the Hopf-cyclic cohomology of a Hopf algebra to the usual cyclic cohomology of an algebra which is a module algebra over that Hopf algebra and is endowed with an˛-invariant -trace, where .˛; / is a modular pair in involution of that Hopf algebra.
We consider in this paper the cyclic cohomology in graded categories. The only difference occurring in the definition of graded (co)cyclic modules comes from the cyclic operator whose action is multiplied by a Koszul-Quillen sign, that is, whenever a flip is acted on two homogeneous elements a and b, . 1/ raised to the power deg a deg b is introduced. Then also the last face map is defined with the sign. This 'twisted' flip (flip with a sign) is in fact a special symmetric braiding. In [1] , [6] , [7] (co)cyclic modules in a symmetric braided tensor category are introduced, where the 'twisted' flip is replaced by a braid action.
Pareigis [10] constructed a "natural" non-commutative and non-cocommutative Hopf algebra such that the category of complexes and the category of comodules over that Hopf algebra are equivalent. We define a graded Hopf algebra P which has a similar categorial property, that is, the category of its left graded comodule algebras is monoidally equivalent to the category of differential graded algebras with differentials of degree 1. Differences occur, since here gradings are considered everywhere.
The graded Hopf-cyclic cohomology of P is computed and the cyclic cocycles on the graded Hopf algebra P are found. By using Connes-Moscovici's characteristic homomorphism and cyclic cocycles on P , we obtain cyclic cocycles on any differential graded algebra with a closed graded trace.
We organize this paper as follows. In Section 1, we recall some definitions and properties of graded Hopf algebras, graded module algebras, and graded comodule algebras, etc. A graded Hopf pairing and some of its properties are given. In Section 2, we define the special graded Hopf algebra P and prove the equivalence of categories. In Section 3, we provide the characteristic homomorphism from the graded Hopfcyclic cohomology of a graded Hopf algebra to the graded cyclic cohomology of a graded algebra which is a graded module algebra over that graded Hopf algebra and is endowed with a special trace. In Section 4, we compute the graded Hochschild cohomology and the graded Hopf-cyclic cohomology of P . In Section 5, we use the characteristic homomorphism to provide cyclic cocycles on a differential graded algebra.
In this paper, let k be a field of characteristic 0. Every algebra here is an associative k-algebra with unit. And we use Sweedler's notation to express coproducts and comodule actions.
Definition 1.3.
A graded algebra A (resp. graded coalgebra C ) is called graded commutative (resp. graded cocommutative) if
for any homogeneous elements a; a 0 2 A (resp. c 2 C ).
The tensor product of graded algebras (resp. DGAs) is also a graded algebra (resp. DGA) with the "twisted" multiplication defined as follows. 
where a; a 0 2 A and b; b 0 2 B are homogeneous elements. We denote this graded algebra by A y B.
(ii) If .A; @ A / and .B; @ B / are DGAs, then so is A y B with the differential defined by
where a 2 A and b 2 B are homogeneous elements.
Due to this proposition, the category of DGAs becomes a tensor category. Precisely, let D be the category of DGAs whose morphisms are degree 0 algebra homomorphisms which are compatible with the differentials. The ground field k can be regarded as a DGA concentrated in degree 0 with the trivial differential, i.e., @.k/ D 0. Corollary 1.5. The category .D; y / is a tensor category with 1 D D k. For A and B two objects of D, the graded algebra A y B is also an object of D with the multiplication defined by (1) and the differential defined by (2) . Definition 1.6. Let H be a graded Hopf algebra.
(
M n and the (co)module structure map is of degree 0.
(ii) An algebra A is called a graded H -module algebra if A is a graded algebra and a graded H -module sharing the same grading such that Therefore under the conditions of (ii) (resp. (iv)) in the above proposition, the multiplication of a graded module (resp. comodule) algebra A is in fact a homomorphism of graded modules (resp. comodules) from A y A to A.
Let H be the category of left graded comodule algebras over a graded commutative graded Hopf algebra H whose morphisms are degree 0 algebra homomorphisms and at the same time homomorphisms of H -comodules. The ground field k can be regarded as the trivial graded H -comodule algebra concentrated in degree 0 with the trivial graded comodule structure map, i.e., .1 k / D 1 H˝1k . Corollary 1.8. The category .H; y / is a tensor category with 1 H D k. For A and B two objects of H, the graded algebra A y B is also an object of H with the product defined by (1) and the comodule structure map defined by (3).
For graded Hopf algebras we can also define a graded Hopf pairing. 
for all homogeneous elements a; a 1 ; a 2 2 A and b; b 1 ; b 2 2 B, where " A and " B are counits of A and B respectively, and S A and S B are antipodes of A and B respectively. Remark 1.10. In fact, if A and B are two locally finite graded Hopf algebras, that is, dim A n < 1 and dim B n < 1 for each n, then the last equality in (4) is redundant, because of the uniqueness of S and ".
Many graded Hopf algebras we shall consider will be defined by generators and relations. The following lemma, which is a graded version of Lemma 3.4 in [8] , provides us with a method of constructing graded Hopf pairings.
Lemma 1.11. Let z
A (resp. z B) be a free graded algebra generated by homogeneous elements a 1 ; : : : ; a p (resp. b 1 ; : : : ; b q ) over k. Suppose that z A (resp. z B) has a graded Hopf algebra structure such that each
is a linear combination of tensors a r˝as (resp. of tensors b r˝bs ). Given pq scalars ij 2 k with 1 Ä i Ä p and 1 Ä j Ä q, there is a unique graded Hopf
is the graded algebra obtained as the quotient of z A (resp. z B) by the ideal generated by homogeneous elements r 1 ; : : : ; r n 2 z A (resp. r 
Categorical equivalence
Pareigis, in [10] , constructed a particular Hopf algebra and showed that the category of complexes is monoidally equivalent to the category of comodules over that Hopf algebra. Now we consider the graded case. We will define a graded Hopf algebra P which is graded commutative but not graded cocommutative.
Let P be a graded Hopf algebra generated by fs; t; t 1 g, where jsj D 1 and jt j D 0, with the relations
Let P be the category of left graded comodule algebras over P whose morphisms are degree 0 algebra homomorphisms and at the same time homomorphisms of Pcomodules. Recall that D defined in Section 1 is the category of differential graded algebras with a differential of degree 1 whose morphisms are degree 0 algebra homomorphisms which are compatible with the differentials.
Define a functor F W D ! P by setting F .A D˚A n ; @/ D .A; / for any object .A; @/ of D such that .a/ D t n˝a C st nC1˝@ a for all a 2 A n ;
and setting F .f / D f for any morphism f of D.
It is easy to check that .A; / is a left graded P -comodule and that f is a morphism
so the graded P -comodule .A; / is also a graded P -comodule algebra. where the differential @ A y B is defined by (2) . We can check directly that A y B defined from @ A y B is equal to the graded comodule structure induced from the graded tensor product of A and B in (3). Thus
the functor F is a functor of tensor categories. Define another functor G W P ! D by setting G.A; / D .˚A n ; @ / for any object .A; / of P such that
setting @ .a/ D a 0 where a 2 A n with .a/ D t n˝a C st nC1˝a0 , and setting G.g/ D g for any morphism g of P.
The graded Hopf algebra P has a k-basis ft n ; st n ; for all n 2 Zg, so, for all a 2 A, .a/ can be written as
where a n ; a 0 n 2 A. Since ."˝id/ D id A and .id˝ / D .˝id/ , from (5) we obtain that a D P a n , .a n / D t n˝a n C st nC1˝a0 n , and .a 0 n / D t nC1˝a0 n . So A D˚A n and @ 2 .a n / D @ .a 0 n / D 0 for all a n 2 A n . Let .A; / be a graded P -comodule algebra. Then, for any a 2 A n and b 2 A m , one has
A; / is a DGA. It is clear that G maps a morphism of P to a morphism of D. Due to Propositions 1.4 and 1.7, the functor G is a functor of tensor categories.
It is clear that F G D id P and GF D id D . Therefore we have: 
Cocyclic modules in graded categories
The notion of cocyclic modules was first defined by Connes in [2] . A cocyclic module is a covariant functor from the cyclic category ƒ to the category of k-modules. Therefore, to give a cocyclic module, it is necessary and sufficient to give a sequence of k-modules C 0 ; C 1 ; : : : together with homomorphisms of k-modules
and nC1 n D id;
The maps d i 's are called face maps, s i 's are called degeneracy maps, and n 's are called cyclic operators. Usually we write instead of n .
In this paper we will consider several concrete cocyclic modules in graded categories. : : : ; a n ; a nC1 / D f .a 0 ; : : : ; a i a iC1 ; : : : ; a nC1 /; 0 Ä i Ä n; d nC1 .f /.a 0 ; : : : ; a n ; a nC1 / D . 1/ ja nC1 j.ja 0 jC Cja n j/ f .a nC1 a 0 ; : : : ; a n /; s j .f /.a 0 ; : : : ; a n 1 / D f .a 0 ; : : : ; a j ; 1; a j C1 ; : : : ; a n 1 /; 0 Ä j Ä n 1;
.f /.a 0 ; : : : ; a n / D . 1/ ja n j.ja 0 jC Cja n 1 j/ f .a n ; a 0 ; : : : ; a n 1 /:
The homomorphisms d i , s i , satisfy the relations (6) and (7), so .C G .A/; d i ; s i ; / defined above is a cocyclic module of the graded algebra A.
In fact, the cyclic operator is only multiplied by a sign, and the last face map is just a composition of the first face map and the cyclic operator. Note that all morphisms d i , s j , and preserve the degree. Denote the Hochschild (resp. cyclic) cohomology of a graded algebra A by HH G .A/ (resp. HC G .A/).
Let H be a graded Hopf algebra. (8), then we get
In fact if H is a usual Hopf algebra, that is, H D H 0 , then (8) and (9) are equivalent ( [4] ).
Remark 3.7.
For homogeneous elements h 1 ; h 2 2 H , if (8) holds for h 1 and h 2 respectively, then it also holds for h 1 h 2 . Therefore it suffices to check (8) on the homogeneous generators of a graded Hopf algebra.
The cocyclic module of a graded Hopf algebra with a graded modular pair in involution is defined by Khalkhali and Pourkia in [7] . We restate it as follows: 
where the h i 's are homogeneous elements of H anď
The homomorphisms d i , s i , satisfy the relations (6) and (7), so .C G .H /; d i ; s i ; / defined above is a cocyclic module of the graded Hopf algebra H .
The cyclic cohomology of this cocyclic module is called the Hopf-cyclic cohomology of the graded Hopf algebra H and denoted by HC G.˛; / .H /. Denote the Hochschild cohomology of this cosimplicial module by HH .H /, as HH .H / is independent of the character˛. Since all group-like elements are of degree 0, the last face map defined in Proposition 3.8 has no additional sign. .h 1 ; : : : ; h n /.a 0 ; : : : ; a n / D . 1/ P n iD1 jh i j.ja 0 jC Cja i 1 j/ T.a 0 .h 1 a 1 / : : : .h n a n //; and for n D 0,
Hence induces a characteristic homomorphism of cyclic cohomologies for each n:
Proof. We need to prove that commutes with d i , s j and . 
: : : ; h n //.a 0 ; a 1 ; : : : ; a nC1 /I
.s j .h 1 ; : : : ; h n //.a 0 ; a 1 ; : : : ; a n 1 / D ".h j C1 / .h 1 ; : : : ; h j ; h j C2 ; : : : ; h n /.a 0 ; a 1 ; : : : ; a n 1 /
: : .h n a n 1 // T.a n .h 1 a 0 /.h 2 a 1 / : : : .h n a n 1 // D . 1/ ja n j.ja 0 jC Cja n 1 j/ .h 1 ; : : : ; h n /.a n ; a 0 ; : : : ; a n 1 / D . .h 1 ; : : : ; h n //.a 0 ; a 1 ; : : : ; a n /:
Hochschild and Hopf-cyclic cohomology of the graded Hopf algebra P
We would like to compute the Hochschild cohomology of the graded Hopf algebra P endowed with a graded modular pair in involution ."; t r / of P using the method introduced in [5] . For a graded Hopf algebra H with a graded modular pair in involution .˛; /, denote by .C .H /; d / the Hochschild cochain complex associated with the cocyclic module of H defined in Proposition 3.8, that is, ; : : : ; a n / C . 1/ n .a 1 ; : : : ; a n ; / for n > 0 and for all a i 2 H ;
The complex .C .H /; d 0 / is acyclic as we can define a contraction Q W C n .H / ! C n 1 .H / by Q .a 1 ; : : : ; a n / D ".a 1 /.a 2 ; : : : ; a n / for n > 0 and for all a i 2 H and ; : : : ; a n / C . 1/ nC1 .a 1 ; : : : ; a n ; 2 / for n > 0 and for all a i 2 H ;
Then we have Proof. We proceed by induction on n. It is easy to see that HH 0 t r .P / D 0 for all r ¤ 0. For n > 0 with n C 1 ¤ r, let z 2 C nC1 .P / be an arbitrary Hochschild cocycle, and write OEz 2 HH nC1 t r .P /. Let m be the projection from P˝m to its subspace st˝P˝. 
Application
Let P 0 be the graded Hopf algebra equipped with the same generators and relations as P , but endowed with the opposite grading, that is, the element s is of degree 1 in P and degree 1 in P 0 . The Hochschild cohomology and the Hopf-cyclic cohomology of a graded Hopf algebra are only concerned with Z 2 -grading, so P and P 0 have the same graded modular pairs in involution, the same cyclic cocycles, the same Hochschild cohomology, and the same Hopf-cyclic cohomology. One can check directly that it is a graded Hopf paring of P 0 and P .
By Theorem 2.1 a DGA .A; @/ is also a left graded P -comodule algebra. Since P 0 is graded commutative, by Proposition 1.12, the DGA .A; @/ is also a left graded P 0 -module algebra. Let 1 D 2 D 1. Then the left action of P 0 on A is given by t a D a and s a D @.a/ for all a 2 A:
As ."; t r / is a graded modular pair in involution of P 0 , by Definition 3.5, a k-linear map T W A ! k is a graded "-invariant t r -trace on A if the following three identities hold for any homogeneous elements a; b 2 A: 
